Introduction {#Sec1}
============

The [Stable Marriage (SM)]{.smallcaps} problem is a fundamental problem first studied by Gale and Shapley \[[@CR19]\]. An instance of SM consists of a set $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}$$\end{document}$ of men, a set $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {W}$$\end{document}$ of women, and a preference list for each person ordering members of the opposite sex. We aim to find a stable matching, i.e., a matching for which there exists no pair of a man and a woman who prefer each other to their partners given by the matching; such a pair is called a blocking pair. Gale and Shapley proved \[[@CR19]\] that any instance of SM admits at least one stable matching, and gave a polynomial-time algorithm, known as the Gale--Shapley algorithm, to find one. Gale and Shapley also considered the many-to-one extension of SM, known as the [Hospitals/Residents]{.smallcaps} (HR) problem. In HR, the two sets $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {R}}$$\end{document}$ that correspond to men and women in the SM problem are residents and hospitals, respectively. Each hospital $\documentclass[12pt]{minimal}
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                \begin{document}$$H\in {\mathcal {H}}$$\end{document}$ has an upper quota on the number of residents in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {R}}$$\end{document}$ that it can accept. For HR it still holds true that a stable matching always exists, and can be found efficiently.

An extension of HR that is motivated by several real-world applications is the [Hospitals/Residents with Lower Quota]{.smallcaps} (HRLQ) problem, where hospitals declare both *lower* and *upper quotas* which bound the number of residents they can accept; as before, residents rank hospitals and vice versa. Now it is no longer true that a stable assignment always exists. The possible non-existence of stable assignments motivates the design of algorithms that find an assignment with a minimum number of blocking pairs; this is the task of the HRLQ problem. Indeed, the HRLQ problem and its variants have recently gained quite some interest from the algorithmic community  \[[@CR4], [@CR8], [@CR16], [@CR22], [@CR24], [@CR26], [@CR30], [@CR40], [@CR44], [@CR45]\]. In his book, Manlove \[[@CR36], Chapter 5.2\] devotes an entire chapter to the algorithmics of different versions of the HRLQ problem.

The reason for this high interest in HRLQ is explained by its importance in several real-world matching markets \[[@CR17], [@CR18], [@CR42]\] such as school admission systems, centralized assignment of residents to hospitals, or of cadets to military branches. Lower quotas are a common feature of such admission systems. Their purpose is often to remedy the effects of under-staffing that are explained by the well-known Rural Hospitals Theorem \[[@CR20]\]: as an example, governments usually want to assign at least a small number of medical residents to each rural hospital to guarantee a minimum service level. Minimum quotas are also discussed in controlled school choice programs \[[@CR13], [@CR33], [@CR43]\] where students are divided into a small number of types, and schools set lower bounds for each type. Such models can represent various forms of affirmative actions taken by schools to, e.g., admit a certain number of minority students \[[@CR13]\]. Another example is the German university admission system for admitting students to highly oversubscribed subjects, where a certain percentage of study places is assigned according to high school grades or waiting time \[[@CR43]\]. But lower quotas may also arise due to financial considerations: for instance, a business course with too few (tuition-paying) attendees may not be profitable. Certain aspects of airline preferences for seat upgrade allocations can be also modelled by lower quotas \[[@CR33]\].

Much of the algorithmic research found that the HRLQ problem (in its different variants) is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-hard, and thus considered intractable. A common approach then to identify tractable (polynomial-time solvable) cases of HRLQ; this avenue has lead to several beautiful algorithms \[[@CR16], [@CR26], [@CR45]\]. However, restricting to polynomial-time solvability necessarily means (if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {P} \not = \mathsf {NP}$$\end{document}$) that some original features of HRLQ must be restricted more or less, which may be undesirable in the application. Another approach aimed at addressing the intractability of HRLQ was the design of approximation algorithms. Unfortunately, it turns out that non-trivial approximation algorithms for HRLQ are highly unlikely to exist: Hamada et al. \[[@CR24]\] showed that, unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {P} = \mathsf {NP}$$\end{document}$, no algorithm with approximation guarantee $\documentclass[12pt]{minimal}
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                \begin{document}$$(|{\mathcal {H}}| + |{\mathcal {R}}|)^{1-\varepsilon }$$\end{document}$ can exist for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon > 0$$\end{document}$ (which they complement by an algorithm with approximation guarantee $\documentclass[12pt]{minimal}
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                \begin{document}$$(|{\mathcal {H}}| + |{\mathcal {R}}|)$$\end{document}$). In light of their strong inapproximability bounds, Hamada et al. explicitly suggested to consider a more relaxed notion of tractability for HRLQ, namely, fixed-parameter tractability. They particularly asked whether HRLQ is fixed-parameter tractable parameterized by the minimum number *b* of blocking pairs over all matchings meeting all lower and upper quota requirements.

In this paper we follow this avenue, and study the fixed-parameter tractability of HRLQ. It allows us to provide a fine-grained analysis of HRLQ, and the design of efficient algorithms for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-hard variants of HRLQ for small parameter values. Our main focus will be the case of HRLQ when each hospital has unit upper quota. The reason is that by the frequently applied method of "cloning" hospitals, stable instances of HRLQ reduce to the case where each hospital has unit upper quota---and thus we can reduce stable instances of HRLQ to the SM setting with lower quotas. In fact, this is equivalent to the special case of SM where only a subset of women (or, equivalently, men) are distinguished by having also a unit lower quota. From now on, we refer to HRLQ with unit upper quotas as SMC (where C means that we have to *cover* the women/men who have a unit lower quota), to the special case of SMC with one-sided covering constraints, linking SMC and HRLQ, as SMC-1. So formally, in SMC a set $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {W}}^\star $$\end{document}$ of women and a set $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}^\star $$\end{document}$ of men are distinguished, and a feasible matching is one where each person in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {W}}^\star \cup {\mathcal {M}}^\star $$\end{document}$ gets matched. By the Rural Hospitals Theorem \[[@CR20]\] we know that the set of unmatched men and women is the same in all stable matchings, so clearly, feasible stable matchings may not exist. Thus, we define the task in SMC as finding a feasible matching with a minimum number of blocking pairs.

Apart from the recent interest in HRLQ, its reduction SMC also serves as a "modern version" of a classical problem first introduced by Donald Knuth. Knuth \[[@CR31]\] considered SM with "arranged marriages", which are a set $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {X}}$$\end{document}$ of man-woman pairs that must be matched with each other. He showed that the Gale--Shapley algorithm can be extended to decide the existence of a stable matching still in time $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^2)$$\end{document}$ for *n*-person instances, but in case of absence of a stable matching, minimizing the number of blocking pairs is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-hard. Now in SMC, one does not prescribe any more which woman has to marry which man, but only requires certain women and men to marry without dictating their partner. There is a natural Turing reduction from SMC to the variant considered by Knuth. Coarse analysis into polynomial-time solvable and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-hard cases has been studied by several researchers \[[@CR1]\].

Another motivation for studying the SMC problem comes from the following scenario that we dub *Control for Stable Marriage*. Consider a two-sided market where each participant of the market expresses its preferences over members of the other party, and some central agent (e.g., a government) performs the task of finding a stable matching in the market. It might happen that this central agency wishes to apply a certain *control* on the stable matching produced: it may favour some participants by trying to assign them a partner in the resulting matching. Such a behaviour might be either malicious (e.g., the central agency may accept bribes and thus favour certain participants) or beneficial (e.g., it may favour those who are at disadvantage, like handicapped or minority participants). However, there might not be a stable matching that covers all participants the agency wants to favour; thus arises the need to produce a matching that is *as stable as possible* among those that fulfil our constraints---the most natural aim in such a case is to minimize the number of blocking pairs in the produced matching, which yields exactly the SMC problem. Similar control problems have been extensively studied in the area of social choice for voting systems \[[@CR7], Chapter 7\] and recently also for fair division scenarios \[[@CR2]\], but have not yet been considered in connection to stable matchings.

Our Results {#Sec2}
-----------

We provide an extensive algorithmic analysis of the SMC problem and its special case SMC-1. In our analysis, we examine how different aspects of the input influence the tractability of these problems. To this end, we apply the framework of parameterized complexity, which deals with computationally hard problems and focuses on how certain *parameters* of a problem instance influence its tractability; for background, we refer to the book by Cygan et al. \[[@CR11]\]. We aim to design so-called *fixed-parameter algorithms*, which perform well in practice if the value of the parameter on hand is small (for the precise definitions, see Sect. [2](#Sec4){ref-type="sec"}).

The parameters we consider arethe number *b* of blocking pairs allowed,the number $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\mathcal {W}}^\star |$$\end{document}$ of women with covering constraint,the number $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\mathcal {M}}^\star |$$\end{document}$ of men with covering constraint,the maximum length $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _{{\mathcal {W}}}$$\end{document}$ of women's preference lists, andthe maximum length $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _{{\mathcal {M}}}$$\end{document}$ of men's preference lists.The choice of each of these parameters is motivated by the aforementioned applications. For instance, we seek matchings where ideally no blocking pairs at all or at least only few of them appear, to ensure stability of the matching and happiness of those getting matched. The number of women/men with covering constraints corresponds, for instance, to the number of rural hospitals for which a minimum quota specifically must be enforced, which we can expect to be small among the set of all hospitals accepting medical residents. Finally, preference lists of hospitals and residents can be expected to be small, as each hospital might not rank many more candidates than the number of positions it has to fill, whereas residents might rank only their top choices of hospitals.

We investigate in detail how these parameters influence the complexity of the SMC problem. A *parameterized restriction of SMC* with respect to the set $\documentclass[12pt]{minimal}
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                \begin{document}$$S=\{b,|{\mathcal {W}}^\star |,|{\mathcal {M}}^\star |,\varDelta _{{\mathcal {M}}},\varDelta _{{\mathcal {W}}}\}$$\end{document}$ means a (possibly parameterized) special case of SMC where each element of *S* is either restricted to be some constant integer, or regarded as a parameter, or left unbounded. Intuitively, these different choices for the elements of *S* correspond to their expected "range" in applications, from very small to mid-range to large (compared to the size of the entire system). By considering all combinations, we can flexibly model the whole range of applications mentioned above. We can even cover some cases of *master lists*, where all men's preference lists are restrictions of the exact same total order over the women, and likewise all women's preference lists are restrictions of the exact same total order over the men.

### Theorem 1 {#FPar1}
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                \begin{document}$$\mathsf {W[1]}$$\end{document}$-hard with the given parameterization,[1](#Fn1){ref-type="fn"} and is covered by one of the results shown in Table [1](#Tab1){ref-type="table"}.
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                \begin{document}$$b + |{\mathcal {W}}^\star |$$\end{document}$, even if there are no distinguished men (i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\mathcal {M}}^\star |=0$$\end{document}$), there is a master list over men as well as one over women, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _{\mathcal {M}} = 3$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _{\mathcal {W}} = 3$$\end{document}$ and each distinguished woman finds only a single man acceptable.

We give a decision diagram in Sect. [7](#Sec11){ref-type="sec"} to show that the presented results indeed cover all restrictions of SMC with respect to $\documentclass[12pt]{minimal}
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As a special case, we answer a question by Hamada et al. \[[@CR24]\] who gave an exponential-time algorithm that in time $\documentclass[12pt]{minimal}
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Related Work {#Sec3}
------------

There is a dynamically growing literature on matching markets with lower quotas \[[@CR4], [@CR8], [@CR16]--[@CR18], [@CR22], [@CR24], [@CR26], [@CR30], [@CR40], [@CR44], [@CR45]\]. These papers study several variants of HRLQ, adapting the general model to the various particularities of practical problems. However, there are only a few papers which consider the problem of minimizing the number of blocking pairs \[[@CR17], [@CR24]\]. The most closely related work to ours is the paper by Hamada et al. \[[@CR24]\]: they prove that the HRLQ problem is $\documentclass[12pt]{minimal}
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A different line of research connected to SMC is the problem of *arranged marriages*, an early extension of SM suggested by Knuth \[[@CR31]\]. Here, a set $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}^\star $$\end{document}$ as a subset. Thus, as opposed to SMC, we not only require that each distinguished person is assigned *some* partner, but instead prescribe its partner exactly. Initial work on arranged marriages \[[@CR23], [@CR31]\] was extended by Dias et al. \[[@CR12]\] to consider also *forbidden marriages*, and was further generalized by Fleiner et al. \[[@CR15]\] and Cseh and Manlove \[[@CR10]\]. Despite the similar flavour of the studied problems, none of these papers have a direct consequence on the complexity of SMC.

Our work also fits into the line of research that addresses computationally hard problems in the area of stable matchings by focusing on instances with bounded preference lists \[[@CR6], [@CR27], [@CR29], [@CR32], [@CR41]\] or by applying the more flexible approach of parameterized complexity \[[@CR1], [@CR3], [@CR5], [@CR37], [@CR38]\].

*Organization* After the preliminaries in Sect. [2](#Sec4){ref-type="sec"}, we start with the main intractability result in Sect. [3](#Sec5){ref-type="sec"}, which answers Hamada et al.'s question. This result shows $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _{{\mathcal {M}}}$$\end{document}$ to 2. We cover the cases (i) and (ii) in Sect. [5](#Sec7){ref-type="sec"}, and case (iii) in Sect. [6](#Sec8){ref-type="sec"}. In addition, Sect. [4](#Sec6){ref-type="sec"} provides polynomial-time approximation results for HRLQ and SMC, used also in the polynomial-time algorithms of Sect. [5](#Sec7){ref-type="sec"}.

Preliminaries {#Sec4}
=============
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                \begin{document}$$1 \le i<j \le t$$\end{document}$. A *matching* *M* for *I* is a set of man-woman pairs appearing in each other's preference lists such that each person is contained in at most one pair of *M*; some persons may be left unmatched by *M*. For each person *x* we denote by *M*(*x*) the person assigned by *M* to *x*. For a matching *M*, a man *m* and a woman *w* included in each other's preference lists form a *blocking pair* if (i) *m* is either unmatched or prefers *w* to *M*(*m*), and (ii) *w* is either unmatched or prefers *m* to *M*(*w*). In the [Stable Marriage with Covering Constraints (SMC)]{.smallcaps} problem, we are given additional subsets $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {W}}^\star \cup {\mathcal {M}}^\star $$\end{document}$. The objective of SMC is to find a feasible matching for *I* with minimum number of blocking pairs. If only people from one gender are distinguished, then without loss of generality, we assume these to be women; this special case will be denoted by SMC-1.

The many-to-one extension of SMC-1 is the [Hospitals/Residents with Lower Quotas (HRLQ)]{.smallcaps} problem whose input consists of a set $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\mathsf {q}}(h)$$\end{document}$, which bound the number of residents that can be assigned to *h* from below and above. One seeks an *assignment* *M* that maps a subset of the residents to hospitals that respects acceptability and is *feasible*, that is, $\documentclass[12pt]{minimal}
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                \begin{document}$$\{r,h\}$$\end{document}$ of a resident *r* and a hospital *h* is *blocking* if (i) *r* is unassigned or prefers *h* to the hospital assigned to *r* by *M*, and (ii) *h* is under-subscribed or prefers *r* to one of the residents in *M*(*h*). The task in HRLQ is to find a feasible assignment with minimum number of blocking pairs.

Some instances of SMC may admit a *master list* over women, which is a total ordering $\documentclass[12pt]{minimal}
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With each instance *I* of SMC (or HRLQ) we can naturally associate a bipartite graph $\documentclass[12pt]{minimal}
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                \begin{document}$$d_G(v)$$\end{document}$ denote the degree of vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in V(G)$$\end{document}$ in *G*. A *pathP* in *G* is a series of vertices that contains each vertex at most once, with an edge of *G* connecting any two consecutive vertices of *P*. With a slight abuse of the notation, we will often identify paths with their edge sets; we will write $\documentclass[12pt]{minimal}
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                \begin{document}$$G_I$$\end{document}$. For a matching *M* in *G*, a path *P* is called *M*-*alternating*, if among any two consecutive edges along *P* exactly one belongs to *M*. We will use a few other notions from the theory of matchings about the symmetric difference of matchings, see e.g., the book by Lovász and Plummer \[[@CR35]\] for an introduction to this topic.

*Parameterized complexity* The framework of parameterized complexity deals with computationally hard problems, examining their complexity in a more detailed way than classical complexity theory. In a parameterized problem problem $\documentclass[12pt]{minimal}
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                \begin{document}$$f(k) \cdot |I|^{O(1)}$$\end{document}$ for some computable function *f* is called a *fixed-parameter algorithm*. Note that the dependence of the polynomial in the run time is constant, but the dependence on the parameter *k* can be arbitrary (and is typically exponential). However, if the parameter of a given instance is small, then such an algorithm can be useful in practice even if the overall size of the instance is large.

The class of problems admitting fixed-parameter algorithms is denoted by $\documentclass[12pt]{minimal}
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For more on parameterized complexity, we refer the reader to the book by Cygan et al. \[[@CR11]\].

Strong Parameterized Intractability of SMC {#Sec5}
==========================================
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Before proving Theorem [2](#FPar2){ref-type="sec"}, let us quickly state a simple but useful claim.
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Proof {#FPar4}
-----
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We are going to prove that the constructed instance *I* admits a feasible assignment with at most *b* blocking pairs if and only if there is a clique of size *k* in the graph *G*.
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Corollary 1 {#FPar8}
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Polynomial-Time Approximation {#Sec6}
=============================
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Theorem 3 {#FPar9}
---------
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-----
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Another application of Theorem [3](#FPar9){ref-type="sec"} is an approximation algorithm that works regardless of whether $\documentclass[12pt]{minimal}
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To close this section, we also state an analogue of Theorem [3](#FPar9){ref-type="sec"} that deals with SMC: it can handle covering constraints on both sides, but assumes that all quota upper bounds are 1.

Theorem 4 {#FPar12}
---------
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Proof {#FPar13}
-----

The proof uses the same ideas as those used in our proof for Theorem [3](#FPar9){ref-type="sec"}, so the reader may skip the proof below, which we only include for completeness.
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SMC with Bounded Number of Distinguished Persons or Blocking Pairs {#Sec7}
==================================================================

In Theorem [2](#FPar2){ref-type="sec"} we proved $\documentclass[12pt]{minimal}
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First, if the number *b* of blocking pairs allowed is constant, then SMC can be solved by simply running the extended Gale--Shapley algorithm after guessing and deleting all blocking pairs. This complements the result by Hamada et al. \[[@CR24]\].

Observation 1 {#FPar14}
-------------
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In Theorem [5](#FPar15){ref-type="sec"} we prove hardness of SMC-1 even if only one woman must be covered. If we require preferences to follow master lists, then a slightly weaker version of Theorem [5](#FPar15){ref-type="sec"}, where $\documentclass[12pt]{minimal}
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Proof {#FPar16}
-----

We present a reduction based on the one from [Multicolored Clique]{.smallcaps} given in the proof of Theorem [2](#FPar2){ref-type="sec"}. Given some graph *G* and an integer *k* as inputs, we are going to re-use the instance *I* constructed in the proof of Theorem [2](#FPar2){ref-type="sec"}. Recall that *I* has a feasible matching with at most $\documentclass[12pt]{minimal}
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Theorem 6 {#FPar17}
---------
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Proof {#FPar18}
-----
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Proof {#FPar20}
-----
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SMC with Preference Lists of Length at Most Two {#Sec8}
===============================================

In this section we investigate the computational complexity of SMC where the maximum length of preference lists is bounded by 2 on one side. This restriction leads to important tractable special cases: we obtain both polynomial-time algorithms and fixed-parameter tractability results for various parameterizations.
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Covering Constraints on One Side {#Sec9}
--------------------------------

Here we deal with the SMC-1 problem where only women need to be covered. We first give a polynomial-time algorithm for SMC-1 when each man finds at most two women acceptable, and then show $\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar21}

There is a polynomial-time algorithm for the special case ofSMC-1 where each man finds at most two women acceptable.

*High-Level Description* The main observation behind Theorem [8](#FPar21){ref-type="sec"} is that if $\documentclass[12pt]{minimal}
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To present the algorithm of Theorem [8](#FPar21){ref-type="sec"} in detail, we start with the following properties of augmenting paths which are easy to prove using that $\documentclass[12pt]{minimal}
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### Proposition 2 {#FPar22}

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _{\mathcal {M}} \le 2$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$ be augmenting paths starting at women $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_2$$\end{document}$, respectively. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1 \ne w_2$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$ are either vertex-disjoint, or they both end at some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathcal {M}}_0$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(P_1) \cap V(P_2)=\{m\}$$\end{document}$.If there is an edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{m,w\}$$\end{document}$ of *G* (with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathcal {M}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w \in {\mathcal {W}}$$\end{document}$) connecting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathcal {M}}_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$ must end at *m*.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1 = w_2$$\end{document}$ and *P* is the maximal common subpath of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$ starting at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1$$\end{document}$, then either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(P_1) \cap V(P_2) = V(P)$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_2$$\end{document}$ both end at some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in {\mathcal {M}}_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(P_1) \cap V(P_2) = V(P) \cup \{m\}$$\end{document}$.
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### Lemma 1 {#FPar23}
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We are ready to provide the algorithm, in a sequence of four steps.

*Step 1: Computing all augmenting paths* By Proposition [2](#FPar22){ref-type="sec"}, if we delete $\documentclass[12pt]{minimal}
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This completes the description of the algorithm; we now provide its analysis.
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By contrast to Theorem [8](#FPar21){ref-type="sec"}, if men may have preference lists of length 3, then SMC-1 (and hence SMC) is $\documentclass[12pt]{minimal}
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Covering Constraints on Both Sides {#Sec10}
----------------------------------

Let us now investigate the complexity of SMC with covering constraints both for men and women. If we restrict the maximum length of preference lists on both sides to be at most 2, SMC becomes linear-time solvable. To see this, observe that by $\documentclass[12pt]{minimal}
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### Theorem 10 {#FPar30}
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### Proof {#FPar31}
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### Theorem 11 {#FPar32}
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*High-Level Description* Let us remark first that simply guessing the optimal partners for each woman in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {W}^{\star }_0$$\end{document}$ and then using the polynomial-time algorithm presented in Sect. [6.1](#Sec9){ref-type="sec"} (after exchanging the roles of men and women) does not work, since that algorithm heavily relies on the assumption that we start with a stable matching. In fact, the main difficulty to overcome is that feminine and masculine augmenting paths may "interact" in the sense that certain blocking pairs introduced by a feminine augmenting path can be "eliminated" (i.e., made non-blocking again) by an appropriately chosen masculine path. Therefore, we apply the following strategy. In Phase I, we find all feminine paths (as well as all cycles) in $\documentclass[12pt]{minimal}
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In Phase II, the main obstacle is that we do not know which blocking edges should be eliminated in an optimal solution, nor can we guess these edges efficiently. We deal with this problem by guessing the sets of those men in $\documentclass[12pt]{minimal}
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For the detailed description of our algorithm, we need a couple of simple observations and some additional notation. We begin with the following implications of the fact that each woman finds at most two men acceptable.

### Proposition 3 {#FPar33}
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Observations (a) and (b) of Proposition [3](#FPar33){ref-type="sec"} immediately suggest that feminine paths are easy to find, since once we decide which edge to start with, all possible augmenting paths lead in the same direction; the only difficulty arises in deciding when to stop. Observation (c) describes the limited ways in which two augmenting path can interact; we next look closer at such interactions.
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### Lemma 3 {#FPar34}
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We are now ready to present our algorithm, which is a branching algorithm: throughout its course, we make several "guesses" for which all possibilities have to be explored. When certain guesses turn out to be trivially wrong, such guesses are discarded, and we might not explicitly mention this in the algorithm. (In Step 1, we describe such issues in detail for illustration, but later we omit them.) Phases I and II consist of Steps 1-5 and Steps 6-8, respectively.

*Step 1: Guessing the first edges of feminine augmenting paths* First, for each $\documentclass[12pt]{minimal}
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Before proceeding to Step 2, we state an important lemma about augmenting paths.

### Lemma 4 {#FPar36}
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### Lemma 5 {#FPar38}

Assuming that the guesses made by the algorithm are correct, all cycles in $\documentclass[12pt]{minimal}
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### Proof {#FPar39}
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By Lemma [4](#FPar36){ref-type="sec"} we know that dependent edges of type A rely on (masculine) paths,[8](#Fn8){ref-type="fn"} so *e* must have type B. From this, Lemma [4](#FPar36){ref-type="sec"} yields that all paths relying on a cycle must be feminine paths. Hence, Step 2 indeed finds all paths that rely on some cycle, together with the cycles that these paths rely upon, which (as pointed out above) means that Step 2 finds all cycles of $\documentclass[12pt]{minimal}
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*Step 4: Finding feminine paths relying on other feminine paths* In this step, we find all feminine paths that rely on some other feminine path; note that feminine paths that do not depend on other feminine paths will be taken care of by Step 5.
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*Step 5: Finding all remaining feminine paths* In this step, we find all feminine paths that rely neither on a cycle, nor on another feminine path. To do so, we will use a surprisingly simple method. Intuitively, it makes sense to construct augmenting paths to be as short as possible, since the longer such a path gets, the more opportunities arise for a blocking pair to appear along the way. This intuition is almost entirely correct, if no other path (or cycle) relies on the augmenting path $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar40}

The following holds for any candidate path *Q* for *w*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_s \triangle Q$$\end{document}$ is a matching.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{Q}$$\end{document}$ is a feasible matching.*Q* must be one of the following two forms: (i)*Q* ends at a man in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_0$$\end{document}$, in which case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q=A_w=P_w^{opt }$$\end{document}$, or(ii)*Q* ends at a non-distinguished woman.

### Proof {#FPar41}

Recall that the definition of an augmenting path (see the beginning of Sect. [6](#Sec8){ref-type="sec"}) directly requires that $\documentclass[12pt]{minimal}
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Now, we define two candidate paths for *w* as follows:First, we let $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_w^1$$\end{document}$ for three women $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w \in \{w_1,w_2,w_3\} \subseteq \mathcal {W}_r$$\end{document}$, as defined in Step 5. The man $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_i^{obl }$$\end{document}$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in \{1,2,3\}$$\end{document}$ is the last obligatory man for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i$$\end{document}$ on the maximal augmenting path $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{w_i}$$\end{document}$. In cases where there is no obligatory man for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i$$\end{document}$, one can identify $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_i^{obl }$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^{\text {opt}}(w_i)$$\end{document}$ to get an appropriate figure

### Lemma 6 {#FPar42}
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### Proof {#FPar43}
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### Claim 2 {#FPar44}

Let *Q* be a candidate path for *w* such that $\documentclass[12pt]{minimal}
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### Proof of Claim 2 {#FPar45}
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### Lemma 7 {#FPar48}
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### Lemma 8 {#FPar50}
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### Claim 4 {#FPar52}
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To this end, we first prove a simple observation.
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### Proof {#FPar58}
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Next, let us prove that Step 9 works as promised.

### Lemma 10 {#FPar59}
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### Proof {#FPar60}
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### Claim 5 {#FPar61}
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### Proof {#FPar62}
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Next we state the following useful lemma.

### Lemma 11 {#FPar65}
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Now we are ready to show that our algorithm is correct.

### Proof of Theorem 11 {#FPar67}

To prove the correctness of the proposed algorithm, we first show that if all our guesses are true, then the paths and cycles in $\documentclass[12pt]{minimal}
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### Corollary 3 {#FPar74}
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It remains to deal with the third among the parameterizations we have to consider. So let us turn our attention to the complexity of the [SMC]{.smallcaps} with $\documentclass[12pt]{minimal}
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### Theorem 12 {#FPar75}

There is a fixed-parameter algorithm for the special case of [SMC]{.smallcaps} where each woman finds at most two men acceptable (i.e., $\documentclass[12pt]{minimal}
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It turns out that Theorem [12](#FPar75){ref-type="sec"} can be proved by a modified version of the algorithm described above to prove Theorem [11](#FPar32){ref-type="sec"}. In fact, we start with applying Steps 1 to 6. However, we can no longer apply Step 7, because now $\documentclass[12pt]{minimal}
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### Lemma 12 {#FPar76}
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### Proof {#FPar77}
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Let us now describe our algorithm proving Theorem [12](#FPar75){ref-type="sec"} in detail. This algorithm starts with Steps 1 to 6 (as given for Theorem [11](#FPar32){ref-type="sec"}), and then applies Steps $\documentclass[12pt]{minimal}
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### Proof of Theorem 12 {#FPar78}

The proof is a straightforward adaptation of our proof for Theorem [11](#FPar32){ref-type="sec"}. The only difference is that instead of finding *some* elimination paths that eliminate the necessary number of relevant volatile edges blocking in $\documentclass[12pt]{minimal}
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Fig. 10Decision diagram for determining the complexity of SMC. We remark that if a certain restriction of SMC where one of the values $\documentclass[12pt]{minimal}
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Discussion {#Sec11}
==========

We provided a systematic study of the computational complexity of [Stable Marriage with Covering Constraints]{.smallcaps}. Our main result is a complete computational complexity trichotomy into polynomial-time solvable cases, $\documentclass[12pt]{minimal}
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Figure [10](#Fig10){ref-type="fig"} provides a decision diagram showing that our results indeed fully determine the computational complexity of SMC with respect to the set $\documentclass[12pt]{minimal}
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Given the strong polynomial-time inapproximability bounds, as well as the parameterized intractability results of this paper, we pose as an open question whether *fixed-parameter approximation algorithms* can beat either of these obstacles for solving SMC.

Another challenge for future research is to investigate possible adaptations of the proposed algorithms to the Hospitals/Residents model (note that, naturally, all our hardness results for SMC-1 apply to the HRLQ problem), or to a setting where ties are allowed in the preference lists.
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We remark that our concept of an augmenting path is analogous, but not identical, to the standard notion of an augmenting path in general matching theory. According to the standard definition, an augmenting path for a given matching *M* is an *M*-alternating path $\documentclass[12pt]{minimal}
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                \begin{document}$$M \triangle P'$$\end{document}$ is a matching containing more edges than *M*. In our case, however, instead of increasing the number of edges in the matching, we aim for a path which can be used to increase the number of distinguished men and women that are matched.

Note that there may be optimal solutions that are incomparable to $\documentclass[12pt]{minimal}
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Formally, we need to apply Lemma [3](#FPar34){ref-type="sec"} with setting *H* to contain all connected component of $\documentclass[12pt]{minimal}
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Note that there cannot exist two loopers for *Q*, because only one woman endpoint of *Q* can be matched by $\documentclass[12pt]{minimal}
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Again, we need to apply Lemma [3](#FPar34){ref-type="sec"} with setting *H* to contain all connected component of $\documentclass[12pt]{minimal}
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We remark that it is still possible that *C* itself relies on a masculine path via a dependent edge of type A, but such edges do not play a role in Step 2.

This case is analogous with *e* being a type A edge; however, the paths *Q* and $\documentclass[12pt]{minimal}
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